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A new approximating method proposed by A. Pinkus and O. Shisha is extended
to rational approximation. The existence, characterization, uniqueness, strong
uniqueness. and continuity of best approximation are established. '1990 Acado""c

Press. Inc

NOTATION

ForiE C[O, 1], the measure 111,111 introduced by Pinkus and Shisha [2J
tS

1111111 = sup {Irf dx Ii :fIx) > 0 on (a, h) orf(x) < 0 on (a, h)}.
\) II hili .

With this measure, Pinkus and Shisha have studied best approximation
from the set of algebraic polynomials of degree ~n, and have established
some remarkable results, Set

q>Oon [0, 1J),

where P
II

denotes the set of all real algebraic polynomials of degree ~ n,
For fE C[O, I J, one can consider the following problem: find 1'0 E R;:, such
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that Illf- rolll = inf{ 1111- rill: r E R;:,l. Any such ro IS called a best
approximation to f from R;;, (with respect to II, . II ).

In this paper we consider the basic questions of existence, characteriza­
tion, uniqueness, and continuity of best approximation, and get some inter­
esting results analogous to the well-known theorems for the Chebyshev
norm II ·11 (throughout this paper 11·11 denotes 11·11 f. ).

I. EXISTENCF

Using the method in the proof of Theorem 2.5 of [2J, one can obtain:

LEMMA 1.1. Assume Ihal for k=I,2, ...,f~EC[0,IJ, PkEP", and
( 1If~ II} is hounded. Then Ihe sequence {lipkII} is hounded \I'henel'er
[ IU~ - Pkill} is hounded.

We also need:

LEMMA 1.2. Assume Ihal for k = I, 2, ... , rk E R;:" f~ E C[O, 1J, and
[ 1If~ II } is hounded. Illll rkill -> + Cf: l , Ihen

lim Illf~ - rk III
k ~~f

\rhere s = maxim, n}.

Proof Assume that for k = 1,2, ..., an open intervallk = (a" htl in [0, I J
is such that for some ek = I or ~ 1, fixed, ekrk > °on I k and ekJ h rk dx =
Ilhll,. Let Ilf~11 ~ M for k = I, 2, .... Without loss of generality assume that
Il,rklll > (s+2)M for all k>O. Then ekM -rk has at most s zeros in [0, I],
for otherwise rk = ek M on [0, I]. Hence

Assume that an open interval lk c I k is chosen so that for some ck= I or
-I, fixed,

and

Ck f- (ekM-rddx= IllekM-rklllrak.hkJ .
'h

( 1.1 )

(1.2 )
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One must have cA = - eA' for otherwise,

ilhll,=eAr rAdx~r IeAM-rAldx+M
"I{ "'h

~ (s + I )CAJ- (eA M - rA ) dx + M < (.I' + 2) M.
h

By virtue of (1.1) and (1.2) with cA = -eA, we have -eAU~-rd~

-M+eArA= -edeAM-rk»O on I A and

IlfA-rAIII ~ -eA r- U~-rA)dx."
~ -eA1_ (eAM-rddx= IlhM-rAII![a(AJ

."
~ r lekM-rAI dxl(s+ I)~(lllrAII! -M)/(s+ 1).
."

Therefore li!& .. f Illf~ - rk rA111 ~ 1/(.1' + 1). The proof is completed.

Now we are ready to answer the question of existence.

THEOREM 1.3. If m ~ I, then for every fE C[O, I J there is at least one
hest approximation to fFom R:;,.

Proof Let E = inf{ IU'- rill: r E R;:,). There is a sequence {rd in R;:,
such that Illf- rAIII ---> E as k ---> + (XI.

Set rA=pdqA for k= I, 2, .... Without loss of generality assume IjqA11 = 1.
So IllqJ-PAIII~E+I for sufficiently large k, and {llpAII} is bounded by
Lemma 1.1. We can take a convergent subsequence of PA and one of qA
(again denoted by PA' qlJ, say PA ---> P and qA ---> q as k --->J0. Since q ~ 0 on
[0, 1J, q E Pili and m ~ 1, q has at most one zero which is °or I. It there­
fore follows that for every [;>0, pdqA --->plq uniformly on [1:,1-1:].

Next we show that p(O) = 0 when q(O) = O. Suppose to the contrary that
p( 0) # O. Then there is a real c, 0 < C < .1, and an integer K> 0 such that for
some e=1 or -I, fixed, epA(x»O on [O,cJ for every k>K. Thus
ePk(x)/qA(x) >0 on [O,cJ and IllrAlli~eJ[o"JPdqAdx for k>K. Hence
[ II rAilI } and {III- rAII } are all not bounded by Lemma 1.2. This is a con­
tradiction. In the same way we have p( 1) =°when q( 1) = 0. Therefore
whether or not q(x) has a zero in [0,1]. ro=p/q is well defined in R;:,.

It remains to show that ro is a best approximation to f Assume that
(a, h) c [0, 1J is such that for some e = 1 or I, fixed, c(f- ro ) > °on
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(a,h) and ej";;(f-ro)d.\=llf-rolll. Thus for every I: with 0<1:<

(h - a)/2, one has that e(f- rk ) > 0 on [a + I;, h -I;] and

.,.h I

e I (f- rk ) dx:s.: 'I f- r! I
~'(/ + I

for sufficiently large k. Letting k -+ x and I; -+ 0, one has that f-- 1'0 :s.: E
and 1'0 is a best approximation to f The proof is completed.

For the remaining case. one has:

THEOREM 104. If m ~ 2, then there exists a jimetion f in C[O, I] such
that f docs not hare a hest approximation Fom R::,.

Proof Define a function f(x) in C[O. 1] such that

{

In+2)/2

flx)= ~-I)k(n+2)/4

for .\ = 1/(2n + 4)

for .\ = (2k + 1 )/(2n + 4), k = I, ... , /I + I

for x = i/(n + 2). i = O. I.... , n + 2.

and flx) is linear in each of the remaining intervals. Set, for
k = 0.1, ... , 17 + 1, lk = (k/(n + 2). (k + 1 )/(n + 2)). Obviously (-I )kf> 0 on
Ik for k = 0, I, ..., n + I, and

, {I
(_I)k J/;f(x)dx= k for k = O.

for k = 1. 2..... n + 1.

We claim that - rill > ~ for every I' E R;:,. In fact if ,. = O. then
f-- rill =~. If I' E R;:, and I' cj O. then there must be an interval I,

with 0:s.:s:s.:n+1 such that (-l)'r:s.:O and rcjO on I,. Therefore
(-I)' (f- 1') ~ (-I )'f> 0 on I, and Illf- rill ~ (-I )' L (f- 1') dx ~~.

Next we show that infl Illf- rill : I' E R::,} =~. Set

k
rk(x)=, "

4k (x - t), + I

where t = I, (2n + 4). Then for k = I. 2..... I'k E R::" I'k > 0 on [0, I J, and

for x = t

for x cj t.
(1.3 )

Hence in (0, 1/( 17 + 2)) f- I'k has four sign changes at the points
'::1<'::2<'::1<'::4 with '::1-+0 and '::4-+1/(n+2) as k-+x. Noting that
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(f~ rd(l ~ l/k") = (f~ rd(l + I/k") ---> (2n + 3 );4> 0 as k --->%, we also
have :::"E (I -1;k 2

, t) and Z1E (I, t+ like) for sufficiently large k. Therefore
,~ .::"\

Jol/-r,ld\--->O as k ---> x,,

,~ -~, .., :.-1 ,~ r

I' (f-rdd.\= I (f-rddx< I /dx=~,
~ ._\ ..._."\ .J ()

~-l ,'! I I-k-':

I (r,-fjdx< I . rkdx~2;k
'C, " Ik

and III/-rkillro.c.l<~ for sufficiently large k. Since Xci 11',1 dx=o(l/k), it
follows from (1.3) that 111/- 1', 11Ire•. I I = ~ + o( 1/k). Hence IIJ- r k III =
~+o(l!k)and

inf{ 111/- rll' : I' E R;;,l = ~.

The proof is completed.

2. ALTERNATION THEOREM

This section is devoted to the characterization of best approximants. We
need some basic definitions.

DEFINITION 2.1. For/E C[O, 1], an extremal interval or/in [0, 1] is an
open interval J c [0. 1], which for some e = 1 or - 1 (the signum of 1)
satisfies:

( 1) el'?°on J,

(2) e SIf(x) dx'? III/III.

DEFINITION 2.2. For IE C[O, 1], a maximal-definite interval of I in
[0, 1] is an extremal interval J = (a, In off, which for e = sign(l) satisfies:

(i) if J is an open subinterval of (0, 1), J c J and e/'?°on J, then
/=0 on J\J;

(ii) there is no open, nonempty subinterval of J having'l. or fJ as an
endpoint throughout whieh /= 0.

As shown in [2], every / in C[O, 1] has finite maximal-definite intervals,
and they are all mutually disjoint.

Now we arc ready to establish:

THEOREM 2.3. ForiE CEO, I ], the irreducible rational/unction ro = Pojqo
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is a best approximation to ffrom R~, if and only iff- ro has at least .I' alter­
nating extremal intervals in [0,1]; i.e.,f- ro has at least .I' extremal intervals
/1 < /2 < ... < I, with

for i = I, 2, ..., .I' - I,

where .I' = max {cPo + m, cqo + n} + 2 and Cpo denotes the degree of Po.

Proof Assume that II < 12 < ... < I, ares alternating intervals off- ro
and sign (I, l = - e. If there is r I = PI /q I in R;:, such that

Illf- r,lll < Illf- rolli,

then for i = 1,2, ... , .1', there exists x, E I, satisfying

(2.1 )

(2.2)

Otherwise if for some i with I ~i~s, (-l)'e(ro-r , l>O on I" then
( ~ I)'e(f- r I) > ( - 1)'e(f- r0l ~°on I, and

Illf-r,III~(-l)'er (f-r,)dx
• 1,

r

>(-l)'e I (f-ro)dx~ Illf-rolll,
""Ii

a contradiction. From (2.2) and the fact that {p + qr0 : PEP", q E Pm} is a
(s-l)-dimensional Chebyshev subspace (Lemma, [1, p.162]), it follows
that qlro-Pl =0, i.e., ro=rl' This contradiction completes the sufficiency
of the theorem.

Assume that ro is a best approximation to ffrom R~, and all its maximal­
definite intervals are

I ml + 1 , ••• , 1m :.,

where h < I k + I for 1 ~ k ~ m,-l, and for e = 1 or -1, fixed,

sign(1,l = (-1 lj e for m j + 1 ~i~m/+l

with °~j ~ t - 1 and m o= 0. We show that t ~ s. If this is not the case,
then for j = 1, 2, ..., t - 1, a real x j can be chosen so that 1m , < x j < 1111/+ 1 and
(f-ro)(x,) =0. By virtue of Lemma of [1, p.162] there are PEP" and
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if E Pm such that forj= 0,1, ...,1-- I, (--1 )!e(p + qro) > °on Ix!, .YI+ I) with
X o = °andY, = I. Since (f- (Po + Ip)/(i/o-I.if))(x,) = °for every i. > 0, it
follows that

f- (PII + i·p)/(ifo - i·if)1

= max [ 11if- (Po + i.p )/(i/o - ii/ )il I I] : °~j ~ 1 I;. (2.3 )

Noting that ifo - i.if > °on [0, 1] for sufficiently small i. > 0, we need only
show that for j = (). 1... ., 1 -- 1,

,1< f r o . 12.4 )

when I. > () becomes sufficiently small.
Suppose to the contrary that for some j with 0 ~j ~ 1- I. (2.4) is not

true. For k = I. 2, ... , there is i' k > °such that Lfo I.kif > (). I k ---> O. and

If- (Po + i' k P):(ifo - i·kif)111 I", i I? f roll· Then for k = I. 2, .. ., an
interval (ak' hk) C [x!' XI I I] can bc chosen so that for some ek = I or- L

(2.5 )

By passing to subsequences, if necessary. we may assume that Uk --+ ii,

h k ---> h as k ---> x, and ek = I! for all k. Obviously (a, h) C [XI' \1 + I]. Letting
k ---> x in (2.5), one obtains

on la, h)

·1,

I! I (f- ro) dx? I f- ro .
·'iI

Hence (a, h) must intersect some maximal-definite interval with the signum
I!, and (2.3) implies that I! = ( - I ) I e. It follows by (2.5) that (- I )1 e(f- ro)
? (-1 )Ie(f- (Po + i' k P)/(ifo- ikif)) + (-1 )Ieidp + ifl'o)/(i/o- i·kLf) > ()
on (ak,hd and

.hl

Illf- 1'01!1 ? (-1 )I e I (f- 1'0) dx
'" (J~

i·hk

> (-1 )I e I (f- (Po + i' k p)/(iJo-I'kif)) ely
"'Uk

? If-I'll .

This contradiction completes the proof of the theorem.
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3. U"iIQUDIESS

U sing the same method as that in the proof of the sufficiency of
Theorem 2.3, one can obtain:

THEOREM 3.1. Each f in C[O, 1J has at most onc hest approximation

Fom R;:,.

Furthermore a strong uniqueness theorem is presented.

THEOREM 3.2. Assume that the ireducihle rational jimction 1'0 = Po/qo is
the hest approximation to fFom R;:, and (Dpo -n )(Dqo - m) = 0. Then there

exists a real c>°such that for el:err I' E R:;"

!i!f- ri!i ? - roli' + c !i I' - ro',!· (3.1 )

trivial. Set, for rER;;, with ri=ro.
. It is sufficient to show that :xl 1') has a
with I' i= 1'0' Suppose not. Then for
in R;:, such that il p k + I!i qk il = 1 and

Proof: If 1'=1'0' (3.1) is
:x(r)=( -ii!f-roill 1'-

posltlve infimum for all I' E R;:,
k = 1,2, ... , there exists rk =pdqk

:x(rk ) --> °as k -->X.

Since rk-roER~;,;", by Lemmal.2 we have that [11!rk-roili} is
bounded. Thus ilif- rkli, --> ilif- 1'0 . Without loss of generality we may
assume that p k --> P and qk --> q uniformly. By virtue of Theorem 2.3 there
exist m+n+2 open intervals 10 </1 ", <11>1+11+ 1 in [0, IJ and e= lor
-I, fixed, such that for every i with O:S;i:S;n+m+ I, (-lre((-ro)?O
on I, and (-I)'e L, ((- 1'0) dx? liJ- roll!. We claim that for every k one
can chose an integerj(k) with °:S;j(k):s; m + n + I such that

(3.2 )

If for some k this is not the case, then for each j = 0, 1, ... , m + n + 1, there
exists a real XjE Ii such that 1'( -1)/ (r k - ro)(.\)? 0. Hence by Lemma of
[1, p. 162 J and Assertion of [4, p. 61 J we have r k = 1'0, which contradicts
the choice of rk • Without loss of generality. assume j(k) = 111 for all k.
Therefore, by virtue of (3.2), one has

:x(rd iilrk- roiil = ilif- rk - f- ro!li

?(-I)l>I e J ((-rk)dx-(-I)l>I e ! ((-ro)dx
~ ~~1

=1'(-1)'" I' (ro-rk)dx= I' irk-rol dx. (3.3)
"'I,il "'11'1

Since q has at most m zeros, a closed interval Ie 11>1 can be chosen so that
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q>°on I Hence by (3.3), IT Ip/q - 1'01 dx = limk ~ x IT Irk - 1'01 dx = °and
p/q=ro. By (cpo-n)(oqo-m)=O and Lemma 2 of [1, p. 165J we have
p = Po and q = qo (assume IIPol1 + Ilqoll = 1). Thus q > °and qk ~ fi 1>°on
[0, IJ for sufficiently large k. Let fJ2 = inf{Ln, Ip+qrol dx :pEP,,, qEP",.
lip + qroll = 1 j. Then fJ2 > °and for sufficiently large k

c.«rd Illrk- 1'0111 ~ r Irk - 1'01 dx
" 1m

= r IPk-(ikrol/lqkl dx~ I Ipk-qkrol dx
w~ ~~

~fJ2Iipk-qkroll ~fJJi21Irk-roll

~fJlfJ2Iilrk-rolil·

Since Illrk - 1'01/1 =f-° the above equality contradicts the assumption that
a(rd ---> 0. This contradiction completes the proof of the theorem.

4. CONTINCITY

For fE C[O, 1J, let TlE R;;, be the best approximation to f provided that
one exists. The continuity of the operator T can be stated as follows:

THEOREM 4.1. Assume that the irreducible rational function 1'0 = Po/qo is
the best approximation to 10 from R;;, and (cPo - n)( cqo - m) = 0. Then for
every (; > 0, there is a real 6 >0 such that everyf in C[O, 1J with lif-I;) < 6
has a best approximation from R;:, and II Tl- Tloll < G.

Proof First we show that for every (; > 0, there exists a real 6 1 > Osuch
that II Tl- T/;lll < (; whenever III-/~II < 6 1 and f has a best approximation
Tj: Suppose to the contrary that for some (; > °there exists a sequence
Uk jin C[O, 1J such that II/~ -fll ---> °as k --->X, Tlkexists for all k, and
II T/~ - T/;lll ~ 8. Let T/~ = pdqk' Without loss of generality we assume that
IIPol1 + Ilqoll = IIPkl1 + Ilqkll = 1. By passing to subsequence, if necessary,
assume that Pk ---> P, qk ---> q, III/~ - T/~III ---> (' as k --->YJ, and CPk = Dp,
Cqk = cq for every k. Since q ~° on [0, I J, q can be decomposed as
q(X)=(X-2 1 )'1"·(X-2,.)"q(x), where 2;E[0,IJ for j=], ...,l'. and
(](x) =f- °on [0, 1]. For concreteness, assume q> °on [0, I]. Using the
method in the proof of Theorem 1.3, one can show that P must have the
form p(x) = (x - 2 1 )\1 ... (x - z .. )\'p(x).

We consider the following two cases:

(i) ('~llf-rolll. By Theorem 2.3 for k=I,2..... there are
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s=max{iJp+m,oq+n}+2 open intervals I\kl< ... <I\k l and ck=1 or
- I, fixed, such that for i = I, 2, ... , .1',

and

(-I),cJf~-Tf~)~O (4.1 )

(4.2)

Write I:k)=(a:kl,h:kl) for i=I, ...,s. By passing to subsequences, if
necessary, assume that a:kl ---> ai' hjkl---> hi as k ---> x for each i= I, ... , .1', and
Ck = c for all k, where c = 1 or -I, fixed. Thus a l < hi ~ a2 < ... ~ a, < hI'

lt is shown that if q > 0 on [ai' hJ for some i with I ~ i ~ .1', then there
is a real XiE (ai' hi) such that

(-I )'c(p - qyo)(X,) ~ O. (4.3 )

Suppose to the contrary that (-I)'c(p-qyo»O on (ai,h,) and q>O on
[ai' hJ. Then Tfk ---> fi/q, uniformly, on [a" hJ. Letting k ---> efJ in (4.1) and
(4.2), one has that (-I)'c(f-yo)=(-I)'c(f-fi/q)+(-I)'c(fi/q-yo»O
on (ai' hi) and

roh!

111/- Yo III ~ (-I)'c I (f- Yo) dx
... (1/

",hi

~c+(-I)'c I (fi/q-yo)dx>c,
"'u,

which is a contradiction.
Now set M:={O,s} u {i: I~i~s, [ai,hJ () {zh ... ,z,}=0}=

[i\< ... <i,}, M:={t:l~t~.5, it+l-it is odd}, and Z(a,h)=I.a,;;:.
. ,; h Sj with 0 ~ a < h ~ 1. Since z/ intersects at most two intervals in
([a i,hJ:i=I,2, ... ,s} and .1', is even provided zjE(O,I) for each

j = I, 2, ... , v, it follows that for t = I, ... , .5 - I,

if it+l-itiseven

if it+ I - it is odd.

Therefore .I' ~ Z(h l , a l ) + card(M) ~ Z(O, 1) + card(M). By the definition of
M and (4.3), qop/q - Po has at least .I' - Z(O, 1) weak sign changes in [0, I]
[5, Definition 13-1]. By Lemma of [I, p. 162] and Assertion of [4, p. 61 ]
we have Po=qofilq. Since (opo-n)(oqo-m)=O, it follows that
p/q = filq = Po/qo and q = q > 0 on [0, I]. Thus Tf~ ---> y(h uniformly, on
[0, 1], which contradicts the assumption that II Tf~ - Yoll ~ 1:.
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(ii) c < IIJ- rl) II. By an analogous discussion on the alternating
intervals ofj- ro, one can also obtain that T/~ --+ ro, uniformly, as k --->y .

The same contradiction as that in (i) is obtained.
Next we show that there exists a real () 2> 0 such that every / with

111-/;)11 < ()2 has a best approximation.
Assume IIPol + Ilqo,1 = I. Let 21: 1 = info \ I (/o(x) > O. We claim that

there exists an 1:, > 0 such that

Ipl, + 11(/11 = I}
r=p/qE. R;:,. =lq-(/oll<I:I'

'Ir-rol l <I::,

Otherwise there exists a sequence: rk = Pk /q k: in R;:, with ,I Pk + II qk II = I.
II qk - qo II ? I: I for each k, and r l, --+ ro as k --+X. By passing to sub­
sequences, if necessary, assume that Pk --+ P and qk --+ q as k --+x. Then
P = (Jfo and by Lemma 2 of [I, p. 165], P = Po and q = qo, a contradiction.

Now a real <5 2 can be chosen so that for every I with III--I;)I! < ()2' its
best approximation r (if it exists) satisfies that Ilr-roll <1: 2 , Write r=p;(/
with Ilpl! + Ilq = I. Thus Ilq - q011 < 1:) and q(x) > 1: 1 on [0, I]. Therefore
our search for r can be confined to the set

G:= :p;q:p;qER;;,,(/>II)'

It is elementary to show that G is compact and I has a best approximation
from G (and thus from R;:,).

<5 = min: 6I' ()2} is just what is needed in the theorem. The proof is
completed.

If we consider the "continuity" of the operator T with respect to thc
measure III ·11 in the sense: given I;) E C[O, 1], T is continuous at I;) if for
every I: > 0 there exists () > 0 such that III Tj- T/;) Iii < I: whenever
111/-/;1111 < (), we can obtain the following result.

THEOREM 4.2. The operator T is "discontinuous" eren'It'here in C[O, I J
with respect to III '111·

Prool Assume that I;) E C[O, I] has a best approximation Tj;) from R;:,.
Write T/;) = Po/qo. By Theorem 2.3 there exist .I' = max: apo + 1/1,

cqo + n }+ 2 open intervals II < ... < I, such that for i = I, 2, ... , .1',

( -I)' cU;) - T/;))? 0 on Ii

(-I )'e r U;) - T/;») dx? /0 - Tlolll·
"I,
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For c > 0 sufficiently small we can choose s closed intervals II < < 7,
such that ( - I )' c(l;) - TI;) - c/qo)? 0 on Ii and /;) - Tt;) - c!({o = 0 at both
endpoints of Ii for each i = L 2, ... ,1. Let c= inf{ 111/;) - Tf;,- c/c/o 7.:

l:S;i:S;s) and li=[ui,h,]. Now for every (»O, define a function in
C[O, I ] such that for i = I, 2, ... , .1.

( - I )ic(f- Tt;,- c!({o)? °
II f- Tf;) - c!({olll 7, = (~,

(f- Tt;, - c!({o )(a l ) = (f- Tf;) - 1'/(/0 )(h
l

) = 0,

and - Tf;, - c/qoll = c, Illf-/;) III < (5. This function can be constructed
directly (some oscillating function between f;) and Tf;) + Cillo will meet the
above requirements). Thus /1' "', /, are s alternating intervals of
f-Tf;)-c/qo. Since max{cl(po+c)+m, rqo+n}+2=s, it follows that
Tl= (Po + cl/qo· However, II f-/;) < () and II! Tj- Tf;)il = cilll/qoll > O.
Hence the operator T is "discontinuous" at /;). The proof is completed.

The "discontinuity" of best approximation from P
II

with respect to . il
can also be obtained as a special case of Theorem 4.2 with m = O.

ACKNOWLEDG MENTS

We are grateful to the referees for many helpful suggestions concerning the rewriting of our
original version.

REFERENCES

I. E. W. CHENEY. "Introduction to Approximation The(lry'" McGraw-Hill, New York. 1966.
1 A. PI!'KUS AND O. SHISHA, Variations on the Chebyshev and L" theories of best

approximation, J. Appro\". Theon' 35 (1982). 148-168.
3. ZHIWEI MA, Some problems on a variation of L, approximation. J. Appro\". Theon', in

press.
4. J. R. RICE. "The Approximation of Functions," Vol. I, Addison Wesley. Reading, MA.

1964.
5. J. R. RICI, "The Approximation of Functions'" Vol. 2, Addison Wesley. Reading. MA,

1969.


